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ABSTRACT 


In  this  paper  the  boundary  value  problem  Au+Xu+f  (u  ,u^_ , u^)  =0 , u (0 , y) =u ( 1 , y) =0 

2 

is  studred  in  the  strip  (0,1) XR,  where  f is  some  C -function  which,  together 

with  its  gradient,  vanishes  at  0,  X is  a real  parameter.  It  is  shown  that,  for 
2 2 

X between  tt  and  4i r,  all  small  solutions  are  periodic  in  y . Moreover, 

2 

singular  solutions  exist  as  local  H -limits  of  periodic  solutions  with  large  periods 

2 

For  values  of  X beyond  4 tt  a formal  argument  suggests  that  almost  all  small 
solutions  are  quasiperiodic . The  equation  is  studied  as  a model  for  some  important 
but  technically  cumbersome  bifurcation  problems  in  fluid  dynamics. 


EXPLANATION 


A nonlinear  elliptic  boundary-value  problem  which  models  aspects  of  the  tech- 
nically more  cumbersome  Taylor  and  Benard  problems  of  fluid  dynamics  is  considered. 
It  is  shown  that  all  small  solutions  are  periodic  in  one  variable  when  a parameter 
(corresponding  to  a bifurcation  parameter)  is  in  a suitable  range  and  indications 
are  given  that  all  small  solutions  are  quasiperiodic  for  larger  parameter  values 
when  the  nonlinearity  is  analytic. 

AMS(MOS)  Subject  Classification  - 35J60,  76DXX 

Key  Words  - Nonlinear  elliptic  boundary-value  problems,  periodic  solution, 
quasiperiodic  solution,  Taylor  and  Benard  problems 
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§ 1 I nt rodu  ct i on 


In  this  study  we  try  to  classify  all  small  solutions  of 
the  boundary-val ue  problem 

A u + >.u  + f(u,Du,Du)  = 0 
x y 

(i.i) 

u(0,y)  = u ( 1 , y ) = 0 

in  the  strip  ft  - {(x,y)  e [0,1]  x ]R } . Here,  A is  the  two- 

dimensional  Lapjocean,  x a real  parameter  and  f(u,p,q)  a 
o 

real  valued  C -function  of  its  real  arguments  which,  to- 
gether with  its  gradient,  vanishes  for  u = p = q = 0.  The 
class  of  solutions  considered  consists  of  functions  with 

c 

locally  uniform  H -norm 


sup 


U H S ( K „ ) 

X,  ' 


< c 


where  0 < s £ 2,  Hs  the  usual  Sobolev  space,  and  where 

a [0,1]  x [ ( { - 1 )p  , f.p  ] for  some  p > 0 denotes  a sequence 
of  compacta  covering  ft.  In  view  of  the  physical  interpre- 
tation given  later,  our  assumption  requires  small  energy 
input  per  unit  length. 


The  interest  in  this  question  arose  from  the  effort  to 
determine  all  physically  reasonable  solutions  of  the 
Taylor-  and  the  Benard  problem  in  fluid  dynamics.  In  both 
problems  a basic  (trivial)  solution  looses  its  stability 
to  nontrivial  solutions  which  bifurcate  at  a critical 
parameter  value.  In  view  of  the  underlying  invariance, 
the  sot  of  nontrivial  solutions  near  this  bifurcation  point 
is  very  large  [11]  but  nothing  is  known  about  a charac- 
terisation of  this  set.  There  is  an  extensive  theoretic 
literature  (mathematical  or  physical)  on  these  problems 
(see  [1]  for  an  excel  lent  survey),  however,  all  approaches 
assume  periodicity  in  the  unbounded  variables  a priori. 
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Ons  might  consider  this  investigation  as  a first  steo 
toward  a final  answer  of  those  questions,  since  (1.1) 
can,  to  some  extent,  be  regarded  as  a model  for  the 
N a v i e r-S to kes  equations  - the  stationary  Burgers  equation 
is  a special  case  of  it  - . 

The  conjecture,  derived  from  the  linearized  equation, 

that  - besides  a discrete  set  of  x-values  - all  solutions 

are  qu as i pe r i od i c is  not  true  without  further  symmetry 

restrictions  on  f as  the  one  dimensional  analogon 
. 3 

ii  + a u + u - 0 already  shows.  Hence  we  further  impose 
one  of  the  two  following  assumptions 

(a)  f(u,p,-q)  = f(u,p,q) 

(1-2) 

(b)  f ( u , p , -q ) = - f ( u , p , q ) and  f(-u,-p,-q)  = f ( u ,p  ,q  ) 

Given  property  (1.?)  we  are  able  to  settle  the  question 
in  the  x-  interval  (/ ,4/)  by  proving  that  all  small 
solutions  of  (1.1)  are  periodic  in  y.  The  question  becomes 
more  delicate  for  x £ (n  n ,(n  + l)  n ) where  q uas i pe ri odi  c 
solutions  are  expected.  The  method  applied  for  the  periodic 
case  breaks  down  since  the  invertible  part  of  the  linearized 
operator  ceases  to  be  continuously  invertible.  If  the  non- 
linearity f is  real  analytic  then  we  can  show  at  least, 
that  formally  (considering  formal  power  series)  all  small 
solutions  are  quasiper iodic. 

Unfortunately,  the  analogy  to  the  fluid  dynamical  situations 

2 2 

is  rather  limited  for  x £ (tt',4tt  ) since,  for  the  Taylor- 
as  well  as  for  the  Bena rd-prob 1 cm , one  expects  two  independent 

frequencies  for  x slightly  above  the  critical  value. 

1 c 2 2 
Hence,  the  analogous  model  case  is  x e (4tt  ,9tt  ) and  we 

conjecture  therefore  that  all  small  solutions  in  those  .'luii- 

dynamical  problems  are  quasiperiodic.  For  indications  of 

t hi  i r.  fact  consult  [ I j , ( 5 ] , i j , [ 1 ? ] , 
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consideration.  hi*  d r < n 'e 

f G 1 1 O W 1 ' : w ill  r ' . i 

sma  1 1 , n on  t r i v i •'  1 * ’ oi 

"singular"  solo*  ’ 

F ou  r i e r-comp onei;  *.  . * ’ 1 

The  result  is  n a t u i ■ 1 u ■ * 

equati  ons  show  . 6'  i . • - 

replaced  by  a strongly  c-lli;  c. ; • • 1 

are  possible,  but  we  avoid  t e her  f 

To  our  knowledge,  the  problem  under  cot  , e 
been  studied  in  the  literature.  There  ha-  b>- 
interest  in  periodic  solutions  of  nonlinear  v.  av>  , 
(see  [8]  for  a recent  list  of  references)  but  t1  r<  , 
interest  is  directed  towards  the  existence  of  special 
solutions  and  their  regularity. 

Vie  start  with  an  investigation  of  A+x  in  a space  which 
the  inductive  limit  of  weighted  Sobolev  spaces  allowing 
polynomial  growth  of  any  order.  We  show  that  A+>.  is  onto 
for  every  a fact,  which  justifies  the  choice  of  space 
and  which  contributes  the  corner  stone  for  the  reduction 
of  (1.1)  tc  a finite  dimensional  initial  value  problem 
- somewhat  in  the  spirit  of  Liapunov  and  Schmidt  •• 
(sections  i and  3).  In  section  4 we  prove  uniqueness  in 
Theorem  4.4  . Section  5 contains  the  existence  of  just 
enough  periodic  resp.  qu as i pe i i od i c solutions.  Section  0 
is  devoted  to  the  existence  of  singular  solutions  as 
envelopes  of  periodic  ones. 

We  gratefully  acknowledge  discussions  with  W.  F.ckhaus 
and  P.  Fife  about  various  topics  of  thir  paper. 


(j  Spac*  i rtd  t h e i t pro  pert  ips 


Let  be  . (0,1)  * 13 , _x  * (x,y)  r , and  ¥ a ■ m *><*•'  tv 

contact  subset  of  . By  Mj  ( ) we  d - ote  the  set  of  ■ ] ■ 
f unkt 1 on  .•  : . . ■ , •.  > r ■ < 1 • ||] 

H^K)  is  t 1 1 o usjal  real  Sob;  lev  space  with  tbp  nnrn 


1/ 


( “ • 

<V°2 

) c -r.  i 1 

1 = “1  * *2 

II  u 

1 ; i s ( k ) 

sup  ( 

f rx  ft  7 

/ 1 .0  U 1 d 

1 <X  1 <_S 

K 

e 0 t 

C ( ) 

is  the 

3 a n a c h s p 

a c p of  ’it 

functions  l * 

fined  a rs  d 

brer,  led  in 

II  u 

i f o = 

Sen  1 j ( v ) | 

. 

x "T 

Perth 

( r nor  1 , 

w e noo  1 a 

sequent e o 

are  d 

>f  t ned 

as  folios 

; 

(y)  * » 

n ( 1 , 1 v ! k 

) . 1 f ‘0 

T J 

‘s.k  = 

s »p  ( / 

| (1  | < rt  f) 

^2(V)  r \ 

< 

f 

* l U 

« ^oc^) 

! II  u i < 

» » * 

Obs  v r 

/i  that 

Vi  * \ 

n holds. 

t u . i . 

• i •'  i w l t t o r r - i 


!an  ch  spac 


• ••  h i c h 


dx  ) 


The  spaces  insist  of  fur  >.% 

K 

growth  at  i <.r  i n ' . . r.  i nr  o 

topologically,  t 1 , f - a s ’ . 

boundary  <.ond  i t i or  . . , , ' , 

subspace  of  X £ fur  s • , • 1 

Xjj  :*  { u € Zjj  ! u(0,v)  - 1 , 


■ ’ , i \ o i v r • 1 i ; r.\  i .i 
• 1 • 11. 

• i!  h S 1 ’ a r ■.  S . The 

1 1 


Finally  let  Xs  be  the  i n d u c t i . e ; i . 

,s 


f ii, ,, 


X,S  > k G !M  , i.O.  /S  - U X,3  is  the  1 1 i. 

k 0 k-n  ' 

logical  (let)  veotorsorcr  rgui  oped  :i''  * >-,r>  fin  , 

logy  which  induces  ■ '.very  X ^ a topology  coarsi  r 

given  one  ( l 2 ) , p A ? CJ  ) . Hence,  Xs  corl  • ins  esactlv  tl’o-. 
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I A I ♦ ! u I < i,  ,11  € 1 . The  absolute':  / convr-  hull  (at1  > 
of  consists  if  all  finite  linear  comb  i na  t i t s 


Thus,  a c h ( •* ) is 
family  of  t bos  " 
n e i n h ’ o r h ood  in 
horhonjs  in  X . 


'“j1  » 1 * “'  ! £ M * 
the  St.  ll/.t  ac  set  c art  an  inn  The 

, 1 - K?  f $ * 

y ,r  ever  v 1.  , forms  a hi  sis  of  neinh- 
I n na  r t i c u 1 a r , the  sr- 1 s 


ach  ( U P ) 

k = 0 

fort  a !)  i s i s r f * r i oh K orhood  s of  0 in  T ^ and  hence, 
generate  its  ‘ Ion  (tf.  I P ) , . 7:).  Here, 


b:  :«  f u c v; 

ch  * 


< r , 


s . k k 


> n 


: 

t 

f!  is 

C 1 

lied 

hounded  if,  for  every  nriohhorheod 

tl  of  0 

• 

t here 

i s t 

s a ; = ,<(>),  s » c h t h * t 

**  c v'U  for  all 

1 v 1 > 

M • 

If  < 

3 

nd  y 

d ■ 1 1 e 1 r - v e r.  t o r < ~ a c ' s 

a-J  L : v -*■  Y 

is  1 i 'i 

•J  (i 

r a i.  ! 

r 

0:  t i 

e i j s t 1 , |.  naps  K j . 

r d sot'  into 

bom 

d 

J 

c 

uch 

i nap  is  calloJ  hounded. 

A 1 ct-vector- 

S r a r. 

x 

is  no 

1 , 

r>  1 0 3 

cal  if  a°I  only  if  evf 

■ p o u « •*  e ■ 1 i n e .<  r 

r’a  p L 

a c 

t i -I  o 

f rn  X 

l r to  any  other  1 ct- ve 

or space  is 

c m.  t i 

JO 

US  (l 

1 ,P. 

'77' 

. t ! ) • 

A s i n 1 

JC 

t : v 

i ; 

lit-'. 

o*  t in,-n  s'  ic'1'  , the 

are  1 ■'  o 

lcV  . 

1 , 

and 

• * V r»  r ^ 

a » r r i c*  i 0 J , r . 1 ’ r ) . 1 

linear,  conti" 

s ur Jf-r t i 

ve  ' ap 

L : 

v • X is  a h .)  ■ onerr  h i sn , i.e.  ia:is  op-* 

set'  n 

• to  one 

sets 

[ ) is  n 1 too  hard 

to  provn  ‘hat 

Xs  IS 

' er  . * 

S i ' • * ’ a 1 1 . or.nl  - t 

' i n c ' t 1 s ■* 

1 •'  e ; • 

H 

os  a 

r,  c *. 

i d s ■ ’ <;e  oi , • 

t t h c |?  i c r . 

1 >'  • 
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(2.2)  f o 1 lows  » 


i iic  ^ i!  is  the  a<  o 

of  D 

i 

, (2.2)  follows 

& 

••M/l  0 T 

, I ' i i.  • l 

f tie  seijuenc  ■ ( 

uj  c 

L 

Xs  !j r POi.  n 1 • 1 ao 

j . ) con v or  os  i 

P MS(" 

) for  every  conn; 

u } ) converges  in 

Xs. 

Proof  : 

Accor  i 

Inn  to  l. 

in.i  2.1 

. C'\  ) ‘ 

u > hound 

e d t h c r 

H n 

«*  : ! o , '■  5 ( 

«_  c 

. ' e s h r j 

t 

3 0 U ► X l 

such  fl 

3 t 1 t ” U 

- u in 

X 

ur 

c or;  t in  j 

H 1 « i rj 

, the 

• i ' 

n follow 

■ ns  * r - ; • * 

a r:  < £ 

rr\ 

1 0 c v ‘ 

t ' 3 

t i , c 

u . . He pc 

e , f o r 

, / e r y K c 

• w o h 

a v e an  i 

1 

/ ^ 

sup  ( 

/ «,  - • 

D'‘(u-ut)r 

dx  ) 

< 1 

1 « l <s 

K 

<!  :■  1 1 h j S 

tap  ( 

/ ^ > 

D ’ u 1 1 

1/2 

"•’•'s.k 

I 0 I < s K 

. For  *i 

so  1 jrijf  t - 1 ll,  (y)!  * '{'-C-r?)  1 for  *1 

A 

Hone  c 


'I  u - u 


i i 


- Sup  ( 

I " I is 


t 

i 

r 


|0  ( u »;  t ) 


r -9  n 

+ sup  ( j 9 1 1 1 1 r'  (u‘u 
I o I : s 'l» 


nni, , ' c 


sup  r gt  IDYur  dy  , 

I < Y <S  K 


(2.3) 


0 <^y  R 

?k  ■ <“  € ,ltoc<R>  I lu'S,k  « - 1 


L F Ms.'  2.3 


Set  xj  = X°  ana  **rui«e  u * X*  for  s = o,l,or  2.  Define 

.1 

u * ft  'u( < , ■ ) 5 i nu»x  dx, 
v 0 

then  we  have  u c Y?  for  all  v "*»  anj 
V x 


(2.4) 


f(vn)2Bl0YU  ? = f;  D®DYkJ 

Tl  ' * v0.k  x y 


for  8,y  t fl0  ,3+y*s. 

Conversely,  let  (j  u^  e Y*)  be  a sequence  for  which  t‘ ■* 
left  side  cf  (2.4)  is  finite.  Then,  fp  f /r.tions  u are  t h t 

e v 

Fourier  components  of  some  j in  X^  wTiich  satisfies  (2.4). 


Proof  : u C Y.  follows  from 

u k 


0Yuv  * '7  / D Y u ( x , • ) sin  wx  dx 

and  hence 

i[>',uX.k 

Define 


f 

s i n 

Vit  X 

for 

P * 0 

•!<*>  ■ « 

-7  W 

cos 

v»  x 

for 

S * 1 

r 

s i n 

VX  X 

for 

e » 2 

and 

1 

fl  ,Y  t 

u * j 

v n 

D8f)Y 
x y 

u ' X 

\ v i 

.*  ) *Pfi( 

:*) 

d x 

Then 


6 ,>  . _ . 6 
u * * ( vw ) !)  u 
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holds,  and  Parseval's  idendity  implies  (2.4). 

For  the  proof  of  the  converse  set  u^‘T  = £(vn)-D  u^ip& 
then  converges  in  towards  u®>Y,  which  is  the 

weak  D^OX-  derivative  of  u = u0,°.  Moreover  the  traces 
u ( 0 , • ) , u ( 1 , * ) vanish  for  s = 1,2. 
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§ 3 Some  Estimates 


The  solution  of  equation  (1.1)  requires  some  knowledge  about 
the  action  of  the  twodimensional  Laplacean  in  the  spaces  Xs. 

0 9 0 

We  define  A : X -*•  X by  Au  = Au.  The  parameter  \ is  assumed 
2 2 2 2 

to  lie  in  [n  n , (n+1)  u ) for  some  fixed  n€  IN  . 

2 2 2 0 
L^(A)  = D + (A-y  tt  ) denotes  the  operator  generated  by  A on 

the  Fourier  components  u of  u resp.  f of  f (see  Lemma  2.3). 

V V ' 


LEMMA  3.1 


Let  be  f € X^,  v 6 IN  and  v > n + 1.  Then  there  exists  a unique 
x 2 

solution  u 6 Y.  of  L.  (Mu  = f . It  satisfies  the  inequality 
y cl(k) 

f3-1)  ID\,'o,t  4 -PT  'Vo.k  ’ Y = * 

V 

for  some  constant  c^(k), which  is  independent  of  i and  v. 

Proof  : Since  L (A )u  = 0 has  only  exponent ia 1 1 y growing 

solutions,  the  uniqueness  is  trivial.  By  means  of  the  Green's 
function 


Gu(y.n)  = 


-id  ( y - n ) - 

? ' for  n < 


G (y,n)  = G ( n ,y ) , u = f v2*2  - 


one  obtains  the  solutions  by  the  formula 


(3.2)  uv(y)  = / Gv(y,n)  fy(n)  dn 
R 

Setting  = g^h^,  one  obtains  h^  e L^OR)  and,  using  Cauchv- 
Schwarz's  inequality,  y = 0 or  1 : 


(V  ) 1 2 < 'MY  / G ( y , n ) g 2 ( n ) dn  / G(y,n)h2(n)  dn 

v O ^ n v 


. 2y-  2 

^ 0) 

■*  V 


C 1 ( •< ) g J:  ( y ) f G ( y , n ) h ^ ( n ) dn 
* ;r  v 
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Here,  we  used  an  estimate  for  the  first  integral  which  can 
be  established  by  elementary  calculations.  Now,  Fubini's 
theorem  yields  : 


|[)Yuv>0  l =<=  ci(k)  u!y'2  ! (/  r’(v.Mg'A(v)  dy) 

V °’  1 v IR  v iR  * k 

_ o 

The  inequality  I 0 ^ _ (^  ( y ) I <,  1 for  fc  >,  k and  all  y fe  |R 
i in  p 1 i e s 


i / hjin)  dn  for  v ■ 0 or  1. 


The  case  y = 2 follows  from  the  differential  equation. 
Observing  ^ v completes  the  proof. 

Define  for  s = 0,1,2  linear  projections  Ps  : Xs  -*■  Xs  , 

Qs  = id  - Ps  by  Psu  = £ u (y)  sin  vnx  . Ps  and  Qs  are 

2 2 v = 1 

continuous  and  P , Q commute  with  A in  the  sense  that 
AP^  = P°A  resp.  AQ"  = Q°A  holds  in  X ^ . Moreover,  ')SXS  is 
the  inductive  limit  of  Q s X ? having  all  properties 

c K 

mentioned  for  X in  § 2. 


LEMMA  3.2 


Let  3 r\  denote  the  restriction  of  A + X onto  (yX°.  Then, 

^2°2  o o 

B 2 : Q X + (]  X is  a topological  isomorphism.  Furthermore 


(3.3)  llu|l2>k  < c2(k)  HB2ulio>k 
2°  2 

holds  for  u G Q^X. 


The  proof  that  B?  is  bijective  is  a consequence  of  Lemma  3.1 
which,  in  addition,  shows  the  continuity  of  . The 
continuity  of  B2  itself  is  trivial  (either  direct  or  bv  the  on on 
tapping  principle).  Inequality  (3.3)  follows  from  (2.4) 
and  (3.1)  immediately. 


-ll- 


COROLLARY  3.3 


Let  fp  = f ( • , • + p ) , P € IR,  be  the  p-translation  of  f.  Then, 

f O / o “ 1 c \ P _ ri'lfP 
2 


for  every-  f £ X°,  (B^  f)P  = B/f1 


For  the  proof  use  the  representation  of  given  by  (3.2) 
through  its  action  on  the  Fourier  comoonents.  Observe  that 
G ( y , n ) only  depends  on  the  difference  y-n. 

LEMMA  3.4 


Let  p >,  1 be  fixed  and  define  K ^ = [0,1]  x [(£-l)p,£p]  for  2=1,2, 
and  Kj  = 10,1]  * [£.p,(t  + l)p]  for  2 = - 1,-2,  ...  , 2'  = 2 \ {0}. 

Assume 

SUP  !lfl'uO/K  \ < " 

*££’  H 

for  some  f € X°. 

Then  there  exists  a p-i ndependent  constant  Y^  such  that 


suo  II  39Q°f  li 
i€Z'  c 


h2(K#)  i Y1 


< Y , SUP  ]l  f II 


H 0 ( K ) 


is  satisfied. 

Proof  : Observe  that  g^  > p^  holds  in  and  use  Lemm*  3.2 

to  obtain 

IIB21V'°V(K1)  i 0?ll3’1',of'”|l2.2  i ‘2<2>»2,|f"’l!0,2 


‘ "HO(Kk, 


1 


2 2, 


K, 


Since  I g ,,  ( y ) I < min  ( 1 , 1 / ( k - 1 ) p ) for  all  y £ ix  k 
and  in  view  of 


SUP  II  f 4P  IIU0/ tr  x = sup  jl  f 
k£2‘ 


?n 


H°(Kk) 


,H°(K1) 


the  inequality  follows  immediately. 
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It  is  useful  subsequently  to  introduce 


f 


U 


l € X' 


where  x,,  denotes  the  characteristic  function  of  K , 

N ^ v 

defined  in  Lemma  3.4.  Instead  of  llf|ll!H(K,.)  ”e  use  th0 
less  correct  but  unambigous  notation  llfll^^  y 


LEMMA  3.5 


Let  be  f G 0°X° , f(x,y)  = 0 for  (x,y)  G S = [0,1]  * (-°°,p). 

- 1 0 
Then  , u C f restricted  to  Sp  has  the  form  : 

co 

B Z 1 f . r = l u ( o ) sin  virx  eWvy 
£ lbp  v = n + 1 

Furthermore,  the  following  inequality  holds  : 

1 -pw  . _ . 

11  B2  f|iH2(K_1)  - e ;l  °2  f ,iH2(K1) 

An  analogous  result  is  valid,  when  Sp  is  replaced  by  [0,1]  * 
(-p,<°)  and  the  roles  of  K_j  and  Kj  are  interchanged. 


Proof  : The  representation  of  u follows  by  a straight- 

forward computation.  To  obtain  the  inequality  use  Lemma  2.3 
and  the  following  estimates  : 


l|0x3yullHO(K1) 


l ( vtr ) 2£?o)vY  UV(P)"  / 

v = n + l 
O2ton  + lp 


e2“yy  d y 


r / ,2B  2y- 1 , .2,.  - 2wvP . 
Z (v1t)  uv(p)  (1_e  ) 


= e 


2 v=n+l 

2tJn  + lp  ||  nB0Yu  qed 

11  x y HO(k_1)  ’ q 

,292 


9 0? 

Now,  we  study  the  action  of  A + X on  P X . The  operator  is  still 
onto  but  an  estimate  of  the  form  (3.2)  cannot  be  expected. 

’•) — Allowing  a higher  order  growth  we  arrive  at  estimates 
which  are  sufficient  for  the  uniqueness  oroof  in  the  next 
section.  _13_ 


LEMMA  3.6 


Let  be  f € X°  for  some  k g 'Nq,  and  assume  v <_  n . Then, 
Lv(\)u  = f ^ possesses  a solution  which  satisfies 

IOYu  L , < c,(k)  If  I y = 0,1,2 

V 0 , t “ j V 0 , K 

3 2 2 

where  l > k if  x = n"n  and  v = n,  and  i > k+1  otherwise 

c 

Proof  : Define  p by  L (X)g>  = 0,  <p(0)  = 0,  <,o‘(0)  = 1. 

2 2 . 

Consider  first  the  case  v < n or  X > n tt  . Then  ip  and  * t s 
derivatives  are  bounded  and 


u(y)  = / 'p(y-n)  f ,(n)  dn 
v o 

is  the  desired  solution.  With  f = n h , one  obtains 
£ H°(1R)  and,  if  y = 9 or  1 : 

O J I V I ry  1 y • O 

IDYU  l‘  < C(P)  J g '/((/  g"  dn)  J h"(n)  dn)  dy 

,4  <R  o o 

< 2 C ( ip ) If  I2  . J g‘2  1 dy 

v °*k  IR  V(k+?) 

< c,(k)  If  !?  , if  i > k+1 

2 2 

For  v = n and  X = n tt  one  has  ip  ( y ) = y.  The  modified 
estimation  yields 

I Dyu  \2n  < C,  If  1 2 , / g?  ,,  dy  < c,(k)  If  1 1 , 

vo,t-=  1 vo,k^Jt-(k  + l)  7 = 3 v ' \>  o , 1 

if  l > k+-^.  The  1 negua  1 i t i es  for  y = 2 follow  from  the 
differential  equation,  qed. 


The  proof  shows  that  is  uni  quel v determined  by  the 
initial  condition  uv(0)  = Uy(0)  = 0.  To  put  this  into  the 
right  framework  define 
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Z = p2$2 


P : X ->  ker (A+x  ) , Q = id  - P 

<3’4>  , n 1 

Pu  = /?  I sin  vti  x ( / u(x,o)  sin  vnx  dx  cos/x-v  it*" 

v = 1 o 

11  f ^ o' 

+ / D u(x,o)  sin  virx  dx  sin/x-v^u4  y 1 

f. T~T  o y 


/X  -V  IT 

2 2 2 2 

i f x > n n ; otherwise,  for  x = n tt  , we  write  P ^ for  the 
above  expression  v.’hen  n is  replaced  by  n-1  and  define 


(3.41) 


Pu  = Pp_2u  + S'*0  / u(x,o)sin  nux  dx 


+ y J D u ( x , o ) s i n n v x d x ) 
o y 


Note  that  the  trace  D^u(x,o)  is  well  defined  since  u t X . 
It  is  easily  seen  that  P and  Q are  continuous  projections, 


ker ( A+x ) 


= id  and  Pu  = 0 i f and  only  if  u (x,o)  - D u (x,o) 


holds  for  0 < v < n.  Hence,  according  to  our  previous  lemma 


(3.5) 


B1  = ( A + x ) ! Q Z A 


: QZ,  ->  P°X° 


A1  = | pz  : PZ1  - {0} 


B 2 i s a topological  isomorphism.  Therefore,  the  decomposition 

°?  - ?°2 
X * PZ1  * *Z1  * ^ X 

defines  a decomposition  of  A+x  in  the  form 


(3.6)  A + x = A j * B , 8 = B2  B2  , 


where  B is  a top  isomorphism  between  QZj  * Q'X^  and  X°. 


THEOREM  3.7 


Assume  that  n u 4 X < (n  + 1)  tt*"  holds  for  some  n el’lo.  Then, 
(i)  dimker(A+X)=2n 
( i i ) A + X = A j ® B 

where  A^  and  B are  given  through  (3.5),  B : QZ^  Q^x2  -*•  X° 
is  a topological  isomorphism  and  the  following  estimate  holds 

[lull2>4  < C(k)  II 3u  i:0  k if  i > k + | 

The  following  two  Lemmas  estimate  the  influence  of  the 

O 

initial  conditions  uv(0),  u^(0)  on  the  H ( K + ^ ) - norm  of  u, 
which  will  be  crucial  for  a continuation  argument  in  the 
uniqueness  proof. 

LEMMA  3.8 

Adopt  the  notations  of  Lemma  3.4  assume  ker(A+X)  * {0}. 
Then,  there  exists  a 0- i ndependent  constant  such  that 

,lu  l!H2(K±1)  ~ y2°  (',f  I;H°(K±1)  + " ^ u 1!  2 , it  ^ 
holds  for  k = max(2,t),  t 4 1,  and  f € P°X°,  (A  + x)u  = f. 

Proof  : Observe  that 

( A+x ) v ■ f , Pv  - 0,  f | j - 0 

2°  2 

yields  v j ^ = 0,  since  v £ P “ X and  v ^ ( 0 ) = v ^ ( 0 ) = 0, 

1 4 v 4 ri.  Hence 

(Bjh),,  = (BjhfijDn  , 

and  we  conclude  from  Lemma  3.6  : 
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r 


IJ‘PuliH2(K1)  ' 'l!,l  1 1 ' IIH2(Kj)  - Clp  IIB1  f|lll2,2 


?-  C2‘p2[[f|  l"o,o  " C2»2|lf“HO(Kl) 


2°  ? 

In  view  of  u € P X we  have 


II  Pull, 


H2(K1)  4 C3P  !IPu|I2,J. 
for  every  t 4 1 , independent  of  t;  whence 

,,uIIh2(K1)  - C2°  !lfl,H°(K1)  + C3P  llPu!!2,t 
which  implies  the  assertion  (p  4 1). 


LEMMA  3.9 


2°2 

The  following  inequality  is  valid  for  all  u G P X and 

“1  = 


II  Pu  I'  2 , e.  - ,Iu,Ih2(K+1) 


Proof  : Equation  (3.4)  immediately  implies  (0  4 e + y 4 2) 

■ d!dW  4 c.  l (uj(0)+u'2(0))  / (y2+i)g;2(y)  dy 

x J °’1  1 v«l  IR 

From  Sobolev's  imbedding  theorem  one  obtains  u(*,0), 
DyU(*,0)  6 L 2 ( 0 , 1 ) for  every  u € H^(K_j).  Hence 

lu;(0)l2  4 / I Dyu  ( x ,0)  I 2 dx  < C2llull22(K 

2 

and  a similar  inequality  for  I u v ( 0 ) I . Thus,  by  Lemma  2.3 
the  assertion  follows. 
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§ 4 Uniqueness 


Our  aim,  to  give  a complete  description  of  all  small 
solutions  of  (1.1),  requires  a proof  for  the  fact  that 
there  exists  at  most  one  "small"  solution  with  given 
projection  !’u . The  content  of  this  section  is  a precise 
formulation  of  this  statement. 

We  use  the  notations  of  the  preceding  section,  in  parti- 
cular the  constants  Yi’Yy'Yj  appearing  in  various  Lemmas 
Equation  (1.1  ) is  now  written  in  operator  notation 

0 2 

(4.1)  (A  + X ) u + f(u)  = 0 , u G X 

2 2 2 2 
where  A satisfies  n u"  <,  A 4 (n  + 1)  * . 

4.1  Assumptions  for  f 

f : "loc<Q>  " Hioc(n)  for  some  s’  0 i s - 2- 

f!  " f|HS(Kl)  : M$<K1>  " H°(Kl) 

is  supposed  to  be  differentiable  in  a neighborhood  of  0, 
and  its  derivative  f j should  be  continuous  at  0 . Further 
more,  f^O)  = 0,  f J (0)  = 0,  f(u°)  = f°(u)  for  all  a € !R 
is  assumed. 


Setting 

P ( u , v ) = P°(f (u)-f(v)) 
q(u,v)  = Q°(f(u)-f(v))  , 

We  obtain  from  4.1  quite  easily,  that  for  every  6 > 0 
there  is  a n > 0 - indeDcndent  of  l - such  that 


(4.2) 


!Iho(k() 

SK».*)»„o(k  , 5.  <:|u-vl:i|5>K  ) 
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for  all  * C 1 ' an  i i 
v 


( 0 ) with 


u’v  * "lot 

Sin P°,0°  c 


l|u|  Hs(Kl  H$(Kt  ) 

we  have  p(u'',v  ) - p‘  (u,v)  •>  ’"n’1' 


i t ^ j 


For  i e IN  , k = ma  x ( 2 , t ) define  c o n •,  * i < • , . . 

fy i ng  the  conditions  : 

a - -j  mi  n ( 1 , ( Y 2^  3P  ) ) 

i a 

p > max( 1 n->j-  , 1 ) 

( 4 . 3 ) n + 1 

6 = m i n ( a ( 2 y 2 0 ^ > a ( 1 2 y ^ ) ) 


rn 

c = a e 
m o 


c > 2n 
o “ 


with  n taken  from  (4.2).  Observe  that  the  sequence  e, 


tends  to  9 


4.2  Property  n ( n ) 

The  pair  u ,v  € Xs  is  said  to  have  property  n(n),  n e,^0>  lf 

sup  II  u°  |!Hs  ^ ) < n > S^P  II  v 'I H s ( K 1 ) " 

IIu-vIih2(K.)  - cm  + 1 - I j I 
J 

holds  for  j = - 1 > ...  • 

LEMMA  4.1 

Let  u,v  £ Xs  have  property  F(m)  for  all  n € !MQ.  Then,  for 
t = +1  or  t - - 1 , one  has 

II  B?!  .1  q|  j(u  *v)"'H2(K  ) 

J = 2t  1 ■’  v T; 

I!  321  j.T  q!j(u’V)  V(Kt) 


1 


< 7r  C 


ft  Gm  + 1 


< ~ c 


n + 1 ’ 


m € !’| 
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1 


Proof  : 'Je  proceoj  by  induction.  T(0)  'no lies 

'I  q(  u , v ) |t..0,  „ . < c 6 for  all  j e Z‘.  In  view  of  Lemma  3.4 
•H  [ K . J 0 

and  (4.3)  toe  inequalities  bold  for  n = 0.  Let  them  be 
satisfied  for-  m - 1 . Since  u , v have  oroperty  n ( n ) one  obtains 


II  q ( u , v ) I 


H 0 ( K j ) * 6 1 m + 1 - I jl  for  1 = 1 n • 


0 '0 


"low, define  u * £ u - and  similarly  v.  Observe  that  u , v 

j * 3 J 

possess  property  'T(n-l),  whence 


iib-1  i | <„ 


0 for  k * 1,0 


Since  we  hat/e  ( [ q(  (u‘  ,v'  )). 

j = 2 j 

it  follows,  usinq  Lem'na  3.5,  b/  assumption  : 


•Put 


n*l  u n ■ 1 r „ , O , 1 '°“n*l 

< e »B*  .2  ^ j<u  -v  i Vm  e 

J * 2 v 1 ' 

Moreover  (m-!)  ‘or  j,v  and  Lenmi  3.4  vield  : 


|l  2 2 0 i 2 ( ^ ^ 


» \ 
i 


•Pu 


n*  1 1 


’ 1 m-l 

Hence  , by  (4.3),  me  • r \ ■ 

"*~2l  lz  q|j(u.O!'H2(Ki)  y ! ' n.t  + l'n  " 

Similarly  one  shov/s 

11B21jJ_2  q|  j(u>v)  |:H2(K_1)  - V r n + 1 * 

Let  x.  denote  the  characteristic  function  xt3,l]<'S'*  ,0t' 

that  up  = uV,  vp  = v%  have  property  n("i),  i-olyinn 


m* 1 * 


,,|j(U'V)l!H2(K1) 


-no;1!!  Hn(/,<:)ii„2„ 


2 jt-2  ’1.1 


™ £ c an  1 


HC(K  ,) 


The  last  inequality  for  t = -1  follows  quite  similarly,  qed 


-on- 


LEMM4  4.2 


If  u,v  C Xs  have  property  n ( m ) , for  all  m C INQ,  then 


«B21q(u.v)l|H2(K^)  i \ cm+1 


holds  for  every  n C IN  Q • 


Proof  Property  T(m)  for  u,v  and  (4.2)  inolv 

Rq  j ' ,(C  ' i 5t~’  ThuS’  hy  Lon!na  3’4,  0f>e  ha<i  : 

HBj  P j I|h2(ki)  ~ UT  Tm 
we  obtain 


< 6y  ,c  . Therefore,  ir,  view  of  Leuna  4.1, 


II  1 q 2 { k L i ,|32lq!l,!H2(K1)  + ll32  /=2  qlJlH2(K1) 

— «D 


^ <Ylcn  4 7 c n+ 1 ~ 7 Ca*l 


LEMMA  4 . 1 


92 


Let  m G I*!  he  fixed.  Assume  two  solutions  u,v  € Y of  (4.1) 
have  property  IT ( n ) and  satisfy  P u = P v then, 

? c n+ 1 ■ ! j I 

|PZ(u-v) «H2(Kj)  i — 2 

holds  for  I j I = 1,2,  ...  ,"i  + l • 


Proof  . Since  P°(A*X)  * (•'♦*  )°u  one  obtains 


Now,  Lena  3.3  yields 

,2 


(4.4)  ",P?(u-v)  ; K J < t2oV(«|-j-v^s(Ki)  ♦ IP(u-¥)!!2fl 
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1 


where 

k » ua  ■ 

{?.»>  . » i » 

' pnn a 3 . * lie* 

(4.5) 

llP(u- 

v),l2.-  «.  >.«  1 

We  fix 

t and 

show  in*.  • ' 

v that 

(4.6) 

II  P ? ( u 

if.  Jr  \V 

H ^ ( r 1 ) 

* 7'*  * 

| 4 1 • 1 

holds 

for  h * 

KS 

j <_  n . For  j = 

0 we 

Ohf »’•  * • 

Pu  = p 

v : 

II  p? 

( *-  - v ) H H 

J(Kj)  i ’'/‘‘n 

1 

4 7 c 

n*  1 

Ass jme 

the  va 

1 i i 1 1 y of  (4.6) 

for  j 

“ 1 < "1  . \ S i • r * , 

uJP,v3‘  are  s lutinns  of  (4.1);  t'ey  ha*-  pr 
Hence,  in  view  of  the  assumptions,  one  Has 


IIP2(u-1o-v1o)I!h?(k  } . *P*',(u<J-l)‘,-v<i-1)p)l:H2fK 


1 


7 v f m+ 1 - ( j - 1 ) ■ 

Confining  this  inequality  with  (4.4)  ard  (4.5)  yields 

»P2{U--)HH2CK_  , . l!P?(u1''-v^)nH2{t,i, 
i 'r2»k(«'n-j  * 


< 


7^ 1 m+  1 - i ^ 


Thus  , 
h o 1 i s 


(4.6)  is  v a 1 i 1 for  3 
rnr  iornt\''’  i n i i ces 


1 n.  3 < j 

j , a n j t h e 


« n . \ s i i i i 1 a i a*-!  net 
Lnii^a  is  proved . 


k 
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I *4.4 


Let  be  n‘ * ? «.  X < (n+l)‘ * ? , n f |N  . Define  4 : 

o 

by  1j  = Au  and  assuie  4.1  for  f. 

, tHere  exists  a 
solutions  u,v  of  equation  (4.1 

' ' ' 4,<'l 

If  ker(A  + X)  = CO),  P is  the  null  onornoi  . anl 
asserts  local  uniqien^ss  of  the  triviil  s | 

Proof  : We  show  inductive!/  that  j , 

a,I  ^ c ft  » yielding  II  u-v  - f 

*'  ( h • J 

and  thus  u = v. 


. t» 

property  n (,n-  1 ) . Then,  j)0,yjf  - , , , r 
1 1 1 * ^ . 1 . ...  1 . Since  u , . 

^(ujP-vj°)  , B^ofu^.y’0) 


whence,  via  L^-n^a  4.?,  ->n#»  •** 


ns 


• • « , 

v )♦!  > i 


- ? ’i  - | j 


for  l < i < 


"o?(*i-v)v(K._ 


) ^oV’-v-,V  , 


4 t 


m-|  jl 


for  0 ,>  f > - 


Forth  - 'ore,  \t  ter(4*>)  ♦ (r),  L„nr)i!  4>3  lnri, 
BP?(u-  ) Vfr  , i i < 

H ? rn-l  J | 

for  j = o.M,  ...  .‘("*-1).  If  ker  (A**)  = { o'.  , 

idendity  on  °w.  Vence,  >n  both  cases,  one  ohlai 


o., 

X‘  * ] 

e y e r y 
s Pj  x 
I y j * 

T*'eot  t 

on  u 

f r t v 1 


rip  , t h 
["-1-1  j 
one  ha 


1 


r-1) 

*?s 


n 

^ 15  t 


; ' v 'i:V,)  * Lm- | j | for  1 J 1 = !»  •••  ’m 

' u,  ^ w p property  "(n)  and  the  Thcoren  is  proved 


COROLLARY  4 5 


Assume  T h e o r e . '*.4,  Then  for  r>vt  * . ’’  there  exist  positive 

■■  sjcn  that  for  t -ry  \ € [ v - \ q , * + x q]  , 

u C 1 pr  (A  + p),  there  is  at  ost  one  solu».’on  of  (5.1) 
satisfying  Pu  * J,  sup  !'u°i;uWl,  . • n . 

O M V * j / 0 

Proof  : Consider  in  a neighbor  hood  o*  (-,0)  the  napping 
T : ( X , u ) *-*•  A u ♦ X u ♦ f { u ) , T ;|7  > \ ‘7  -»  X° 


The  derivative  o'  T at  (u,0)  is  rv»n  hv  T'(0)(x,u)  = A . 4 uU 

which  has  the  kernel  ker  T‘(0)  !R  » i er  (A  + u).  'loreovf*- , 

( * , u ) ►♦  ( * , P j ) defines  a util  us,  linear  projection  f r on 

°2 

!P  * X into  ker  T * f 0 ) . ‘low  the  proof  proceeds  literally  as 
i n Theorem  4.4. 
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§ 5 Existence  of  Periodic  and  Ouasiperiodic  Solutions 


q p 

While  the  last  theorem  proves  that,  for  given  u G P* X , 
there  is  at  most  one  solution  u of  (4.1)  with  Pu  = u, 
which  is  uniformly  small  in  ^0C(9),  it  remains  to  he 
shown  that  there  exists  such  a solution.  The  nature  of 
this  existence  problem  changes  dramatically  between  the 
A - intervals  (tt^  ,4tt^)  and  ( n^u  ^ , ( n + 1 ) ^ ) , n >_  2 . 

For  the  first  case  we  are  able  to  prove,  for  arbitrary 

Cp  - mappings  f satisfying  certain  symmetry  requirements, 

that  all  small  solutions  are  periodic  in  y.  Moreover, 

if  a certain  non-degeneracy  condition  is  met,  "singular" 

solutions  exist  v.'hich  are  locally  uniform  limits  of 

solutions  having  arbitrarily  large  irreducible  periods 

2 2 2 2 

(see  next  section).  In  the  case  A £ ( n it  , ( n + 1 ) it  ' ) , 
n > 2,  the  question  of  existence  is  more  delicate  since 
problems  of  small  denoni natiors  are  involved.  For  real 
analytic  f we  are  able  to  show  that  (4.1)  can  be  solved 
by  a formal  power  series.  Convergence  and  general i sat i ons 
to  Cp  - functions  f are  still  open. 

We  are  going  to  concrete  the  abstract  oroperties  of  f , 
assumed  in  the  preceding  section.  Let  U be  some  neighbor- 
hood of  0 in!R  and  f : U x|R^-*-|R  be  a Cp-map,  n>,2, 
satisfying  f(0)  = 0 and  D f ( 0 ) = 0 for  its  gradient.  We 
consider  the  equation 

A u + Au  + f(u,Du,Tu)  - 0 
x y 

(5.1) 

u ( 0 , y ) = u ( 1 , y ) = 9 

for  A £11,  Since  l^0f(q)  c V^Joc(Cl),  u,Dxu,Dyu  are 

locally  Ld-  functions.  It  follows  immediately  that 

f : u -»•  f(u,Dvu,Diu)  defines  a CD  - mapping  from  the 
x y 

real  space  ll1oc(q)  into  H<j*oc(n)  which,  in  particular, 


\ 
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satisfies  assumption  4.1  . Similarly,  if  f is  real 

analytic  for  I u ! < 6 , I P I < 6,  1 q I < 6 then  f,  as  a 
2 0 

mapping  from  H(K)  into  H ' ( K ) , is  analytic  in  the  sense 
of  [4]-,  0.112  for  every  compact  Keg,  if 

" u "h  2 ( K ) ‘ *’  • 

2 2 

The  case  x € (m  ,4m  ) is  considered  first,  f is  assumed 
to  be  a C’°- f unct  i on  , p r>  2.  Periodic  solutions  are 
constructed  via  the  ansatz  u(x,v)  = v(x,uv),  where 
v(x,z)  is  2m-ner  iodic  in  z and  where  u>  varies  near 
io°  :=  ( X - it  “ ) * / 2 . One  obtains  the  boundary-value 
problem  for  v : 

(/(«.)  + X ) v + F(u,v)  = 0 

(5.2) 

v(0,z)  = v(l.z)  = 0,  v 2m-ooriodic  in  z 

where  the  following  notations  have  been  used 

/(w)  = D2  + w202 

1 XX  z z 

(5.2a) 

F ( Id  , V ) = f ( V , D x v ,o>D  V ) 

Although  only  real  solutions  are  of  interest  wp  work,  for 
technical  reasons,  in  comnlex  Hilbert-soaces  IH^,  the  real 
subspaces  of  which  are  denoted  bv  H 1 . Note  that  «£  and  F 
are  defined  on  real  spaces;  therefore  we  have  alwavs  to 
assure  that  they  act  on  real  elements. 


Set  Oj  - [0,1]  x IP  and  define 

Id®  a (v  E H?  (0^  / v 2m-oeriodic  in  zl 
with  the  scalar  product 


(v1  ,v2)( 


r i"?  , 

J v v d v , 


(0,l)xTl 


p denoting  the  Lebesnue  measure  and  the  interval  (0,?-t 

-26- 


Fur  thernore , 


we  introduce  : 


= (V  G H^qc(c2i)  / v € in"  and  v(0,-)  = v ( 1 , - ) = 0 } 


with  the  scalar  product 


/ 1 2 « — T/rv^ 

(v  ,v  )2  = l (D  v 
1*1  <2 


D\2 


o 


Let  V denote  a suitable  neighbourhood  of  u°  in  1R . Then, 

^ and  F map  V » IH^  into  |H  ” ; £,  i s smooth  in  w and  linear 
in  v,  F is  a Cn-mapning  satisfying  F(<o,0)  - D F(w,Q)  = 0. 


For  fixed  X g ( " 2 , 4 * 2 ) , the  kernel  o f ( w 0 ) + X is  s n a n n e d 

C) 

by  the  i'i  . -or thcr.orna  1 systen 


(5.3) 


(X,Z)  = 


-l/; 


s i n | i | t x 


1 z i 
e 1 


4 1 


where  z . = -z.  d e r definition.  Oefine  p r e s n . P in 
o ? ~ J o 1 

IH^  reso . in  111”  by 


(5.4)  PSv  5 l (v.tp1)  -o1  , s = 0 o r 2 . 

! j I - 1 ° 

PS  is  a proiection  commuting  with  £ in  the  followinn  sense 


P°<<(“)  - /(<*>)P2 

. • 0,>  o 

ana  which,  restricted  to  the  real  subs o aces  H"  resn.  > 

# n 

acts  as  a real  oro. lection.  Set  n = id  - P c then,  for 
sufficiently  small  | o>  - <.< 0 1 

^2(“)  = (£(“)  + Ml  2o2 

o n 

is  a tonoloqical  isonomhisn  between  0 and  o \\  Settinn 

” V 


^ 2 

c j z ( V ,<.o'  )0,  w z 0 v , , C..  = c. 


denoting  com o lex  coni u net  ion),  one  obtains 
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(5.5a)  c2f?U)w  = Q°F  (uj  , j c,-?'1  + w) 

£ 1 j I = 1 1 

Since  IIF(u,v)ll  = o (I!  v |L ) ( equation  (5.5a)  yields,  via  the 
0 <-  ■ oo 

implicit  funktion  theorem,  a unique  solution  w(u,c)  € |ll^ 

as  a real  CP-funktion  of  u € V( o)°),  £ £ U(jl),  where  V and 

U are  suitably  chosen  neighborhoods  of  w°  and  0 £ C ^ . 

Furthermore,  w satisfies 


y Ic 


uniformly  for  ^ £ V(u°).  Hence,  near  v = 0,  u - w°, 
equation  (5.2)  is  eouivalent  to 


(5.5b)  (£(u)  + x)  l c.ip1 

I j I = 1 J 


P°F(W,  l c.^+w (ui.c)) 
I j I = 1 J 


For  general  F,  existence  of  nontrivial  solutions  of 
(5.2),  and  thus  of  (5.5),  cannot  be  expected  without 
further  assumptions  Therefore,  we  require 


a)  F(u,v)(x,-z)  = F(u>,v(x,-z)) 

(5.6)  or 

b)  F(u,v)(x,-z)  = -F(w,v(x,-z))  , F ( u , - v ) = F ( u , v ) 


LEMMA  5.1 


Assume  c_^  = c^,  and  define  s^£)  = c-e10^,  j = +1 
0_j  = _9j»  then,  the  following  idendities  hold  : 


(i) 


(m) 


Pv (x  ,z  ,s ( c) ) = °v(x  , z+o1  ,c  ) 
w(x,z,s(c))  =-•  w(x,z+91  ,c) 

Pv(x,z,c)  = Pv(x,-Z,c) 

w(x,z,£)  = w ( x , ■ z , £ ) , if  (5.6a)  holds 


Pv(x,Z,-£)  = -Pv(X,-Z,£) 
W ( X , Z , "£ ) « “ W ( X , * 7 , £ ) , 


(HI) 


if  ( 6 . fib  ) holds 


Here,  the  w-dependence  of  w has  been  suppressed,  P 
stands  for  any  Ps , and  £ denotes  the  vector  (c^.c  J) . 


Proof  : The  proof  for  Pv  follows  by  inspection.  To 

prove  (i)  for  w one  shows  that  w0  = w(»,*+0j,£) 
satisfies  (5.5a)  if  c is  replaced  by  s(c)  : 


^2(u))w0i  = ( h °F  ( u , P v + w ) ) Q i = Q°F(UiPv(s(c))+wei) 


The  unique  solvability  of  this  equation  yields  (i). 
Assertion  (ii)  is  shown  quite  sinilarly.  To  prove 
(iii)  wo  set  w"  = w(  • , — ,c)  and  obtain 


<J?2U)(-w")  = -(0°f(u,pv+w))’  = g°r{u,(Pv)“+w“) 
= 0°F(u,-Pv(-£)  - (-W-)) 

= Q°F  ( to , P v ( -£)  + w") 


Again,  the  assertion  follows,  since  (5.5a)  is  uniquely 
solvable. 


Setting  t = <o2-(u)°)2  and  G(r,c)  = F(w , ( Pv+w) ) (£) 
equation  (5.5b)  can  be  written  as  follows  : 


(5.7).  -xCj  + (G(  r,c),^)Q  = 0 


j = ±1 


First,  we  solve  ( 5 . 7 ) ^ in  the  subspace  c_^  = c^  = c^ 
Since  G(t,0)  = 0 , we  have  in  this  case, 


(G(t.£)  , -pi), 


if  c j - 0 


N(t,C)  s 


0C(Q(1  * c ) * T 1 ) o if  C1  = 0 


as  a Cn~  -function  near  t = 0,  c = £ . Then,  (5.7).  yields, 
via  the  implicit  function  theorem,  a unique  nontrivial 
solution  t ( c j ) which,  for  snail  Ic^l  is  a Cn  *»curve. 
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Observe  that,  in  view  of  Lemma  5.1(.i), 


( 0 ( t ,£)  ,7 ) Q | ( r>  ( t ,£)  ,7 ) 0 | 

C1  !s(£)  C1  £ 

holds  if  t 0.  Hence,  by  rotation,  we  obtain,  from 

the  solution  constructed  above,  a solution  t(c)  of 

2 * 

(5.7)^  for  all  snail  |£|  , £ e C satisfying  Cj  = Cj. 

It  remains  to  be  shown  that  the  solution  t(_c)  of  (5.7)^ 
solves  (5.7)_j  as  we  1 1 . Proper ty  (5.6a)  and  its  implication 
in  Lemma  5 . 1 ( i i ) yields  : 

(G(t,c)  ,7)  (F(«,Pv+w)  ,7)(c) 

ci  £ 7 

( F ( (i)  , pV+W  ) (-2)  .ID1)  (c) 


C1 

(G(x,c)  ,17) 


The  same  equality  is  true  if  (5.6b)  and  hence  Lemma  5.1(iii) 
holds.  Since  we  have  t(£)  = t(c_),  equation  (5.7)_j  is  satisfied. 

THEOREM  5.2 

Let  be  X € (7,47)  and  let.  F : V(,0°)  * H2  - br  a real 
C^-map,  p > 2,  which  satisfies  (5.6a)  or  (5.6b).  Then, 

p 

for  every  sufficiently  small  |c|  c f.  C‘,  c,  = c ,, 
there  exists  a C -solution  (1)  ( £ ) , v ( £ ) of  (5.2)  of 
the  form 


io  ( £ ) = (7  + 0 ( I £ I ) 

v(£)  s 7 c a ^ 1 + o ( i c : ) 
MI-1  7 
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We  are  now  able  to  complete  the  characterisation  of  all 
snail  solutions  by  an  existence  result  which  complements 
the  uniqueness  theorem  4.4  . 


THEOREM  5.3 

Let  he  A G ( tt  ^ , 4 n ^ ) , and  let  P he  defined  by  (3.4)  ( n = 1 ) . 

' 2 

Assume  that  f : U * R -*■  R - U some  neighborhood  of  0 in 
|R  - i s a CD-man,  n > 2,  satisfvinq  f(0,0)  = 0,  Of(0,0)  = 0. 
Suppose  further  that  one  of  the  following  two  conditions 
holds  : 

(a)  f ( u , o ,-n  ) = f ( u , p ,q  ) 

(h)  f ( u , p , - q ) = - f ( u , o , q ) and  f ( - u , - p , - o ) - f ( u , n , q ) 

Then,  for  every  u G ker(A+x)  with  sufficiently  small  norm 
there  exists  a y-periodic  solution  u of  (5.1)  with  Pu  = u. 

Proof  : Note  that  the  assumptions  for  f guarantee  that 

F(w,v)  s f(v,r)xv,o>!3v)  has  property  (5.6a)  or  (5.6b)  and 
fulfills  the  regularity  reouirenents  of  the  preceding 

a solution  of  (5.2).  Then 
(5.1).  Moreover,  Pu  has  the 

- BjSin  a°y)  sin  nx  + o ( I £ I ) , 


is  continuously  differentiable 
nu  = u can  be  solved  using 
simply  the  implicit  function  theorem  again,  q.e.d.  . 


theorem.  Let  w(£),  v(£)  he 
u(x,y)  = v(x,oy)  satisfies 
form  : 

2 0 

Pu  (x  ,y)  = — (a  . cos  a)  y 
/?  1 

C1  = al  + 1fil 

where  the  remainder  o ( I c I ) 
with  respect  to  «,3.  Hence 


p o p p 

Now,  we  consider  the  general  case  A e (n  * .(n+1)  * ) 
with  n G IN  satisfying  n > 2.  Setting  Uj  :=  (A  - 
we  construct  guasiperiodic  solutions  via  the  ansatz 
u(x,y)-=  v(x,w^y,  ...  , (o  n y ) where  u : (uj,  ...  ,w  ) is 
close  to  u°  in  IRn,  and  where  v is  2^-periodic  in  every 
Zj  ("v  is  2n-periodic  in  _z" ) . With  the  notations 


£(*>).= 


xx 


z 


k 


F(w,v)  = f ( v ,Dxv  ,u- 7zv) 


we  obtain  the  equation 


+ A ) v + F ( uj , v ) = 0 

(5.3) 

v(0,z_)  = v(l,£)  = 0 , v 2-ir-periodic  in  z. 


The  formal  similarity  with  (5.2)  is  not  accidental; 
rather  the  preceding  analysis  carries  over  to  the  present 
case  if  u,z,q^,i^,  and  1 j I = 1 are  re  n laced  by  io,_z, 

Wn  h [0,1]  x Rn,  x n h ( 0 , 2xr ) n , and  Ijl  = 1 n.  The 

functions 


(5.9)  pj(x,z) 


n-  1 

"~r 


s i n | j | n x 


I j ! = 1 


form  a IMj?  - o r thonorna  1 basis  of  the  2n- d i mens  i ona  1 kernel 
0 w 

of  ^(u0)  + A,  a space  which,  quite  obviously,  consists  of 

s s 

quas n per i od i c solutions  only.  The  projections  P .T  as  well 
as  o2T?(m)  are  defined  similarly  to  the  case  n = 1.  The 
fundamental  difference  hero  lies  in  the-  fact  that  £.,{u)  , 
though  invertible,  has  no  continuous  inverse.  Hence,  the 
analogue  of  (5.5a) 

n 

(5.10)  ,3?,(i o)w  = 1 F(w,  J cV  ♦ w) 

I j 1=1  J 

cannot  be  solved  as  simply  as  before. 
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1 


Let  us  assume  that  f is  a real  analytic  function  of  its 
arguments.  Then,  since  F then  is  a real  analytic  napning 
from  into  11°,  one  can  solve  (5.10)  by  a formal  power 
series 


w 


l 

I a ! >0 

I 6 i >J. 


' a I , I 3 I their  lengths,  i = ( r 


1 ’ 


Tn}’ 


- a,3  £ I'l 

2 0 o? 

x.  = u.  - u • Observe  that,  in  view  of  the  injectivity 

1 0 o 0 

of  <<L,(w  ),  the  coefficients  ',J  can  be  determined 
recursively. The  proof  of  convergence  by  standard  argu- 


ments fails  however  since,  with  increasing  s 
inverse  of  ^[^°)  grows  indefinitely  in  norm. 


the 


While  the  proof  of  unique  solvability  of  (5.10)  seems 
to  be  a formidable  task  - and  we  are  not  vet  able  to 
accomplish  it  - the  solution  of  the  system  ef  bifurcation 
equations  analogous  to  (5.5b)  is  not.  To  show  this,  lot. 
us  assume  that  (b.10)  has  a unique  veal  analytic  solution 
for  sufficiently  small  lc_i  and  ItI,  £j  = c~  . The 
following  Lemma  is  an  immediate  consequence  of  this 
assumption. 


LEMMA  5.4 


Assume  c_  • = c • for  j = 1,  ...  ,n  and  denote  by 

a 2 n ^ ^ — 

c € I a vector  with  c z = c = 0 . Then,  the  solution 

w(w ,c ) ( x ,£)  of  (5.10)  is  independent  of  i 

The  bifurcation  equations,  corresponding  to  (5.3b), 
are  as  follows  : 

(5.11)^  ~Tici  + (G(l»£)  >'h*)  o 5 0 » x_t  = t£  , 

1 1 I = 1 , ...  , n 
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w h e r o 


n 

G(t_,£)  = F ( to  , l c ■ '-PJ  + w(u,c) 

I .i  i=l  J 


Observer  that  Lemma  5.1  still  holds  for  ! j I = 1,  ...  ,n. 

As  in  (5.7),  we  solve  (5.11)  first  for  i = 1,  ...  ,n 
^ 0 

and  c_j  = Cj  = c j , j = 1 , . . . ,n  . 0(j_,£  ) is  independent 

of  z^  according  to  the  preceding  Lemma.  Hence  ( G(t_,£)  ) = 0 

if  c „ = 0.  Thus 

l 


C (G(t.,£)  .tp£), 


Kt(l.£) 


if  c * 0 
l 


Dc  ( G ( J.  .£)  )0  'f  cf  = 0 


is  an  analytic  nap  near  £ = £ = 0 and  (5.11)  ,t  = i, 
yields  1 l a 1 ! y a unique  analytic  solution  x_(c). 

Again  i:  f 11c  vs,  via  Lemma  5.1,  that 

(S(l  .£)  ,'/)3  ; (G(t,£),iP1)o 

c.  !s(c)  c,  £ 


for  very  c.  * 0.  Therefore,  the  system  (5.11)  , 
t = 1 n , his  a unique  a n a 1 y t i c solution  t ( c ) in 

9 P 

some  neighborhood  of  0 c I ‘ satisfying  c . = c • , 

■ J J 

j - 1,  ...  ,n.  The  proof,  that  7 „ = x „ fulfil  as  well 

L 


the  equations  ( 5 . 1 1 ) ^ , l = -1,  ...  ,-n  , proceeds 

literally  as  in  the  periodic  case. 


PROMOS  I T I Oil  5.  5 


2 2 2 2 

Let  be  A c (n  tt  , ( n + 1 ) ‘‘n  ^ , 2 £ n r I’!  and  let  P be 
defined  by  (3.4).  Assume  that  f : U x IV  -♦  11  be  real 
analytic  near  the  origin, satisfying  the  conditions  of 
Theorem  5.2  . Furthermore,  sun pose  that  equation  (5.10) 
has  a unique  real  analytic  solution  near  £ = 0 and 
u = w . Then  there  exists,  for  every  u c ker(A+\)  with 
sufficiently  small  norm,  a solution  u of  (5.1)  with 
Pu  - u,  which  is  quasipcriodic  in  y. 


§ 6 Existence  of  Singular  1 u r 


In  this  section  we  consider  the  set  4 
2 

\ = n . Either  there  exist  nontrivial  I u t 
2 

for  X = n or  there  are  solutions  for  x 
2 

H -limits  of  periodic  solutions  with  inf  it  it 
irreducible  periods. 

2 2 

We  restrict  X to  the  interval  (*  , 4 w ).  According  t > * 

preceding  section  the  set  of  solutions  with  small  M J ( i: . - 

norm  consists  of  periodic  functions  exclusively  which  form 

a two-d inens i ona 1 manifold  over  ker  (A  + * ) . Lot  be 
2 i/2 

“o  = ^A_,r  ^ * u(x»y)  " v(x  »o>y)  and  assume  v(x,z)  to  be 

2ir-periodic  in  z.  Define  the  real  Hi  1 bert-snace  ll|  for 
arbitrary  real  s ^ 0 as  follows  : 

M e ( n 1. ) = {V  G i v(x>'2)  = v(x*2)) 

°s 

Similarly  He(qj),  s J 1»  denotes  the  corresponding  sub  space 

of  H*. 

6.1  HYPOTHESIS 

Assume  that  f in  (5.1)  has  the  properties  given  there  and 
that  f(u,p,-q)  = f(u,p,q)  holds.  In  addition  we  suppose 
that  the  mapping  f : u ►»  f(u,!)xu,D  u)  from  M^0_(o)  into 
H°oc(a)  is  continuously  differentiable  near  u = 0 for  some 
real  s < 2. 


Under  this  hypothesis  F(w,v)  = f(v,D  v.usD  v)  is  continuous! 
differentiable  near  v = 0 and  satisfies  (5.7a)  as  well  as 
F(u,0)  = 0,  0 F(IO,0)  - 0.  Observe  that  every  polynomial  in 
u with  f ( 0 ) = Df(0)  = 0 satisfies  the  assumption  6.1  for  f. 

note  that  ' (w)  ••  defined  in  (5.2a)  - has  a continuous 

inverse  . ^(u)  : II  ^ ■>  H \ \> h i c h is  compact  as  a mapping  from 
H.  into  !!„.  Hence,  ^ (w)F(u»*)  defines  a completely 
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'■  Y,)r(-.v)is  = 

5 f 1°.  . f q u a t i o n 

(6.1)  v = - r’fwlFfu.O 


continuous  oneratnr  in  IIs,  ah  ich  satis  >:> 

P 

= o ( !l  v r . ) unifornly  foru,  in  compact  sj'<sr» 
(5.2)  can  bn  written  as  follows 


We  intend  to  apoly  the  global  msu’t  f Rabinowitz  ( 1 3 ] 
for  fixed  X a n i variable  m . *V  1 1 b.  n i q h ur  -dependence  is 
somewhat  more  general  than  i»  (1  . th  global  existence 

still  carries  over  since,  a*  uj  n j = (>-*  ) , a sinple 

eigenvalue  of  - x in  I ’ crosses  at  the  point  1 the 

unique  circle  with  nonvanis*1  n velocit/. 


Derate  by  C * resr».  rj  the  c>  m»c 
in'.'.''  ri  1.40, 

B*  - h’  Then  “ach  * t'e1  has  ' 

t 


> " o c n e n t s construe  l*1  1 
hi<  point  ( ■•  j’ ‘ n ) in 
or  t • ■ o following  proper  tip 


(i) 

c: 

A 

is  unhe 

(ii) 

♦ 

cx 

nee  t ■ a 

4 

( i i i ) 

CX 

meets  t 

Subsequently  we  will  show  t ii  ° r > t’.'n  ' ' i i ) 

holds -In  view  of  equation  (6.1)  * 'in:  i • r i 1 r • • 

+ °2 

of  !R  * He  having  the  sane  properti  s in 

Define  „ . 

. Op  * 

S = { v G H , ' v . = /?  / v ( x , ’ ) sin  ' x i > has  . 

*■  1 o. 

two  simple  zeroes  in  [0,2tr)  and  Vj(0)  0 } 

s i n i 1 a r 1 y S w i t li  '/  ■*  ( 0 ) < 0 . Since  we  consider  functions 

op 

which  are  even  in  z and  since,  for  v e HQ,  v.  is  continuously 

+ L°2 

differentiable  in  R,  the  sets  S are  open  in  H„.  Moreover, 

near  ( w ^ , 0 ) , C * ^ {<0^,0}  is  a subset  of  IR  + x S * and  similarly 

for  C x . 0 s e r v e that  v £ S and  v o e r i q d i r in  z i n o 1 i e s that  v 

has  the  irreducible  period  2*,  i.e.2ir  is  the  largest  possible 

period.  Jf  u ( x , y ) - v(x,uy)  then  u has  the  irreducible  noriocl 
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I 


i 


A 


ifiJnir 


b o f me 


°2 

<\  {J  C "loc 


u ( x , v ) = v(x,  v),  < c X1 


rA  * :x  U r* 

It  is  easily  see"  that  r as  well  as  "t  are  tonnected  subsets 
of  (3).  Sit  -muently  us«  the  'ol  low  in  ' tafir>r  . 

C ( u ) = sun  I » 

oCR  ‘ 1' 

We  have  two  alternatives  'hich  are  treated  sepc-rat  If  : 

I ftn  1 >0  can  he  found  such  that  f r every  c C (h, 

0 

there  exist'  ' setuer.  :e  '»  ,u|(  0 * solutions  of  (5.i 

with  - ♦ 0,  u C r and  t(u  ) - e. 

n n *n  n 

II  Tor  e v t ■ v r > 7 there  exists  a t(t)  > 0 such  that 

sup  E ( u ) < e 
u€r  1 
2 

0 < i A - r . < ' ( ) 
holt . . 


THE07S'!  f . : 

•% 

Sun  it  0 1 a sis  6.1  a id  I hold.  rhon,  '0”  X - « , nd 

for  all  r in  f '* , J there  exists  a solution  t of  ( .1)  rith 
f(ut)  = c. 

Pt  r.  f Shoos-  the  sequence  (A  ,u  ) frcn  1.  Ie  n.v  'u  te  t *'  •* 

n 0 7, 

I 2 . . ( 1 ' ■ - a e I • ' 1 . ' 1 ' 

n “ n 1 ( - j 1 n J 

| c 1 1 V 1 1 ' ),  I < * ’ 

I towards  u 1 : . T 

t onveme  in  ? (1  an.*  are  hounded  in  i 0 ( It  - ) unif«-r*Iy  in  i. 

- loc'  0 1 

• . t ■ 1 ’ , rtrjt  id  I..  Osit.j  th»  e<i#atia* 


V 
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(6.2) 


1 


( 6 . ? ) u s-t  \ !u  - A ^ f ( u ) 

ni  n,  n i ' n ! ' 

uhe’’*  *' . def  i «e  J in  ‘ , is  a t aologlcal  isomomhisi 

<'  ’’  ' U>*ri  , ao  lj]»  th.t  (u  ) converges  in  X? 

o:  n < 

i J € ' IS  • j?  1 .1  in  view  of 

E(un>  < J|  Mn,’M2(lt  x ) sM'sf1ei  E(“'  s ( • 

lov;  we  t jrn  * c 1 s e II.  let  be  ' P * *,e  c o in#  c t set; 
f h * n t’  s 1 * i v • ■*  * ' , , 1 • r-  leurn  ; on  t 


of  u am 


(6.3) 


■ ic  t h .!  ? 


Mu)  • c2  vl2 


holds  for  v(k,  v)  u(*,,)  , • J 


LFM,n  6.3 


* ssunc  II  an'  $uf  M c i e*  • ! v "'all.  T* 


c * v { ( *;  , 0 ) c '•» 4 . 5 ‘ 


hroof  : T a • «*  >-■  < »i  n { ) , • ) where  »•  ,i  are  frou 

1 orn  1 1 ary  3.1.  Then,  isim  II  , we  obtain 


(6. a)  sap  [(j) 


Further -or  i , t,  • ir  ’ havp  (,,,)  ( 4 . S+  if 

v » ^ and  ( > ) c r*  . 

■f  2 

x ^ wo  shr  tht  F contans  a point 

■ ’ ) ' 1 ! h 1 u r . I r i ■ " 1 . o r ' .!  h v»  a no  i *> t 


(•“  »v)  L lx  "■  ’ ‘ h v ■ IS,  (*'  ’no  1 nr/  .f  *>4).  c i n ; •»  v i 


s even 


1 ''  7*  vi  fln^  ‘-"us  i(  h ;s  4 •>'.  I a •••»ro  i "r  na» 

*.VJ  ie  Uj(h)  * uj(0)  - 0.  Coroll. ir,  a. 3 yields  u - * aid 
he.  ^ v * n. 


If  (u  ,0)  is  the  only  noint  in  C.  witti  v = 0,  the  assertion  is 

0 A 2 + 

proved.  Since,  for  some  neighborhood  IJ  of  ( w , 0 ) C n IJ  and 

+ + +°  A 2 
C fl  U are  disjoint,  C cannot  leave  R x S near  ( o ,0)  and 

A A * 0 

hence  everywhere.  Up  to  here,  the  proof  for  C } is  the  same. 

It  remains  to  show  that  (wo,0)  is  the  only  point  in  = C*  n C," 
with  v = 0.  Assume  the  contrary:  Then, there  exists  a sequence 
(u/.vj  € C.  fl  (!2+x  S),  S = S+  U S',  such  that  11  v I'  -*  0 •, 

^ nr l A ^ n c. 

o'-  •+  S)  2 with  io1-  i to  £ . Therefore  v i(0)  ► 0,  v 1 , ( 0 ) = 0 holds 

n 'O  n , i ft  1 1 

which  implies  u ,(0)  -►  0,  u '.(0)  = 0.  In  view  of  (3.4)  and 

H ) I f I y 1 

Theorem  4.4  we  conclude  that  u must  coincide  with  the  solutions 

n 

constructed  in  Theorem  5.5  for  large  n . But  those  solutions  have 

O jj  2 TT 

period  near  — whereas  u has  period  near  — . Since  v C S,  the 
ic  q n us  n 

periods  are  irreducible  and  the  contradiction  follows. 

Subsequently,  the  constants  nQ  and  x are  taken  from  Corollary  4.4 
for  v = rr  ^ . 

LEMMA  6.4 


Suppose  that  case  II  holds.  Then,  for  sufficiently  small  - r:  “ 

± + o 2 + 

the  projection  of  C <=  R x H into  ;R  forms  an  interval  ( 0 , : J , 

A G 

b > 0. 


Proof  : We  show  first  that  C*  is  contained  in  some  interval  (0,1  ] 

p 2 A 9 ° 

Otherwise,  since  u < 3 -n  ^ for  it  < x < 4n^,  there  is  a sequence 

+ 2 0 + pop 

C , x . ->  n , such  that  C,  intersects  ( 3:i  1 x 11  for  every  n. 
x _ n x e 

n n 

He  rice,  we  have  a sequence  un  er  with  period  2-r//3n  in  y 

n 

satisfying  - in  view  of  II  - E(u(i)  0.  Dividing  (6.*?)  by  f(;Jn) 
yields  : 


i » f(u  ) 

X A - 1 ( — H-  + —HI 

n E(u J E ( u ) 

v n ' ‘ n ' 


E<%> 


As  in  the  proof  of  Theorem  6.2  one  obtains  a subsequence 

u-  u /E(u  .)  converginq  towards  some  u in  X?.  fur f hermor o , 
i n -j  n i i 

f ( u n ) / E ( u n . ) •>  0 in  H^oc  (Q)  , hence  in  Xj.  The  abnv  equation 
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implies  u ->  u in  X and  thus  ( A + n ) u = n . f.  i n c e all  u . 

have  the  irreducible  period  2ti/'3i  and  sinco  r(u.)  = 1 holds, 

u possesses  the  same  properties,  however,  there  is  no  such 
solution  in  ker  (A+n^).  Therefore,  t *•  e projection  of  CT  into 
I1!  is  contained  in  some  interval  ( 0 , h o ] . 

2 

Nov/,  let  be  \ - u < min  ( 6 ( n Q ) > * , ) . In  view  of  IT  we  have 
sup  E(u)  < n which,  by  (6.3)  yields: 

U€rx 

l 

2 s u p II  V Ho  < 

(/,v)eC.+  d - "1  0 

2 * 

<o  €[  a ,bQ] 

for  every  a e ( 0 , b o ) , where  the  constant  C ^ only  depends  on  a . 
Therefore,  C*  possesses  property  P^.  Since  C * is  connected  and 
closed,  t!,e  same  is  true  for  its  projection  on  )T  which  proves 
the  assertion  for  C * . An  identical  argument  holds  for  C . 

A A 

lie  call  a nontrivial  solution  of  (5.1)  singular,  if  it  is  the 
2 

N 1 0 , ( n ) ~ 1 ini t of  functions  in  r,  but  does  not  belong  to  r,  . 

Not?  that  such  a singular  solution  u is  nonperiodic  in  v or 
Uj  is  constant. 

THEOREM  5.5 

2 

Let  II  and  hypothesis  6 1 be  valid  and  assume  \-i?  > 0 be 

sufficiently  small.  Then,  there  is  an  interval  .1  r (a,.-.)  c IT 
containing  0 such  that,  for  every  a f J,  there  exists  an 
unique  solution  u of  (5.1)  with  E ( u ) <■  n 0 and  u 1 ( 0 ) = a , 
u | ( 0 ) = 0.  Among  these  solutions,  there  are  those  of  arbitrary 
large  period. 

furthermore,  there  exist  two  singular  solutions  u'  satisfying 

u|(0)  = a,  u?(0)  = 3 , u 11  ( 0 ) = 0,  E(u)  n_-  The  man  a u 

1 * c p ^ 

from  [a,p,]  into  XL  is  continuous. 

Proof  : According  to  II  we  have  (5.4).  The  linear  map  c:u  «•  ii  . ( 
from  H^oc(n)  into  P.  is  continuous  and  injective  by  Corollary  4. 

Hence,  '/  * is  continuous.  Eince  r.  is  connected  and  bo"nord  in 

2 X 

!l,  (g),  i)  : i s an  interval  with  0 r J,  Me  snow  • c is  open 


+ ? i +? 

Take  a curve  s,  in  C connecting  (Wl',v  ) £ C,  and  (w  ,0)  and 
let  - ( u e T^/  u(x,y)  = v(x,wy),  (w  ,v)  G s,}  be  tlie  trace 

1 1 i 

in  rx.  Then  $0^  is  an  interval  1 0 , f?  ^ ] . If  (w-.v?)  £ s^,  we 
obtain,  in  view  of  Corollary  4.5,  for  the  corresponding  interval 
6 ^ > fij.  Therefore  ^(u1)  C J ( u^(x,y)  = v1' (x  ,uJ'y)  ) ard, 
since  a similar  argument  holds  for  C ~ , J is  onen. 

In  view  of  Lemma  6.4.,  to  every  (w?,v^)  £ cT  there  exists  a 

(w2,v  ) ^ cx>  ( “ 2 » v ) ^ s and  with  0 < w ^ < Uj.  Thus  we  obtain 

a sequence  u £ r*  with  u ,(0)  -*■  a having  period  2 tt / (,»  which 

n A n n , i n 

increase  indefinitely.  VJe  conclude  ••  as  in  the  proof  of 
Theorem  6.2  - that  a subsequence  un.  converges  towards  a 

solution  u1  of  (5.1)  in  (ft)  satisfying 

(6.5a)  u | ( 0 ) = n , u\' (0)  = 0,  F ( u 1 ) < nQ  . 

2 

Similarly  one  constructs  a solution  u with 
(6.5b)  uj(0)  = 3,  uf  * (0)  = 0,  E(u?  ) < nQ. 

The  continuity  of  the  map 

r 

j * * a for  a C J 

a ~ j i 

i u on  the  boundary  of  J 
o o o 

acting  from  [ a, (?)  into  X , follows  in  J from  the  continuity  of 

<>"*.  At  the  boundary  we  argue  as  follows  : Tverv  sequence  u 

1 2 n 

satisfying  u , ( 0 ) ■*  a (or  3),  converges  towards  u (or  u ) 

2 ■ n , i ■ 

in  H,  ( n)  since  - by  Corollary  4.5  - the  us  are  uniquely 

determined  through  (6.5). 

To  prove  that  the  solutions  ir1  are  singular,  i.e.  u1  £ rx,  wo 
show  that  u]  is  either  constant  or  not  oeriodic.  dote  that  the 
orbits  l = ( ( u , ( y ) , u I ( y ) ) / y € !R  > of  periodic  functions  u £ r 
in  are  simply  closed  curves  rnclosinq  the  origin.  Since, 
according  to  Corollary  4.5,  the  i ’ s do  not  intersect  and  sin:e 
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r,  is  connected  in  Hi  ( the  set  !J  L'r  forms  an 

A 1 oc ' ' u • v u 

open  nei nhborhood  of  Th"  orbits  of  w1  , j=l,2,  must  belong  to 

the  boundary  'ill.  Henc.  , if  uJ  is  not  constant  hut  periodic,  it 

* 1 

possesses  at  least  two  simple  zeros  per  period.  Since  u ^ is  the 
local  C -li  .it  of  functions  with  arbitrary  large  irreducible 
period  which  have  exactly  two  simple  zeros  ner  period,  a 
contradiction  f o 1 lows . 

If  hypothesis  G.I  b)  i J valid  a similar  result  ho  His  in  the 
space  of  oild  functions  : 

H*(nj)  (v  e H ;S ( f2 1 ) / V(x  ,-z)  -v ( x ,z ) ) 

± °2 

Choose  for  S t e set  of  those  v C Hi,  whic  i have  exactly  two 
simple  zeroes  in  [ 0 , 2 * ) and  satisfy  v j ( 0 ) > 0 ( < 0).  In  this 
case  one  obtains  solutions  u of  (5.1)  with  u,(h)  = T , uj(Q)  = a 
for  all  a in  t h * closure  cl  d of  J . 


COROLLARY  6.6 


Let  f satisfy  the  hv no  thesis  6.1  a)  or  6.1  h).  Moreover, 

2 

assume  II  to  hold  and  take  > 0 sufficiently  small.  Then, 

there  e/.  ists  an  open  n i u hbor  ho'  1 U of  0 in  ker  ( A + x ) and  a 

o 2 

continuous  map  r : cl  M * X"  such  that  u = V ( u ) , 0 £ cl  1!  is 
a solution  of  (5.1)  with  E(u)  < i().  For  0 C U,  Y(u)  is 
periodic,  for  Q £ a !J , + ( u ) is  singular. 

Proof  : Accor  Jinn  to  Theorem  6.5  and  the  follow  inn  remark  a 

O 

component  c ( t)  of  periodic  solutions  j exist  in  each 
case,  satisfying  E(u)  < n . Their  orliits  in  the  ( u . , . I ) - p : a no 

0 O (j  * 1 

form  am  open  rie i phborhoo  1 of  0 in  R . Sinc°  u is  also  a solution 
for  all  a £ !R  we  obtain  solutions  u of  (5.1)  satisfying 
u^(G)  = a,  uj(0)  = b,  F(u)  <■  n()  for  arbitrary  (a,S)  £ U. 


I! o\.',  consider  the  case  (a 
Theorem  6.5  we  conclude, 
converging  toward  (a,b), 
solutions  u()  converge  in 
which,  by  Corollary  1.5, 


,b)  G As  in  the  nr  oof  of 
for  every  s e g u e n c e ( a , s ^ ) € U 
t li  a t the  c o r r c s n o r, d i nn  periodic 
H^  ( ')  towards  a solution  u of  (5.1) 
is  uniquely  determined,  and  which 
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A 


satisfies  u,(0)  = a.uWO)  = b.  Hence,  the  mapping  (a,b)  u 
from  IR  into  H^oc(ft)  is  injective  and  continuous.  The  orbit 
of  u in  the  (u1  ,uj) -pi ane  lies  in  aU;  hence  u is  singular, 
qed . 
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